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The quantum theory of the cold atom scattering by cavity fields in a two-dimensional geometry 
is presented. A distinct regime from the usual Raman-Nath, Bragg and Stern-Gerlach regimes is 
investigated, considering the situation where the cavity light field acts as a repulsive and an attractive 
two-dimensional potential. General expressions for the scattering lengths (the two-dimensional 
analogues to the three-dimensional scattering cross-sections) of finding the atoms deexcited or not 
after their interaction with the cavity are derived. The connection with the classical Rabi limit 
when the incident atomic kinetic energy is high compared with the atom-field interaction energy 
is made. In the cold atom regime characterized by much lower incident atomic kinetic energies, 
the scattering process exhibits very peculiar properties in connection with quasibound states of the 
atomic motion induced by the attractive potential of the cavity light field. 

PACS numbers: 37.10.Vz, 42.50.Pq 

Keywords: two-dimensional scattering; cold atoms 



I. INTRODUCTION 

Scattering of particles by light has been the focus of 
many investigations since it was predicted by Kapitza 
and Dirac that a standing wave of light can diffract elec- 
trons [l| . Several decades thereafter it was suggested that 
neutral atoms can experience much stronger diffraction 
effects by light fields 0, Q . Since then, many experimen- 
tal observations of those effects were reported using op- 
tical gratings formed by optical monochromatic standing 
waves (see, e.g., Ref. [J] and references therein). Three 
major regimes are usually distinguished [1] : the Raman- 
Nath, Bragg, and Stern-Gerlach regimes. In the first two 
cases, the width of the incident atomic beam is large in 
comparison with the period of the standing wave pattern. 
The latter case considers the inverse situation where this 
width is much smaller than this period. In that case, it is 
predicted that the light field gradients can produce state- 
selective deflection of an atomic beam in the plane formed 
by the standing wave and the atomic beam propagation 
axes. The first experimental verification of the optical 
Stern-Gerlach effect was reported by Sleator et al. [5|. 
There the atoms are considered fast enough so that their 
motion along their propagation axis can be considered 
as classical. In contrast the component of velocity along 
the standing wave axis is treated quantum mechanically 
and the Stern-Gerlach effect stems from the interplay be- 
tween that motion, the internal degrees of freedom, and 
the light field gradients in the optical grating. 

In this paper we are interested in considering a regime 
where the atoms sent through the standing light wave 
are rather very slow with a kinetic energy lower or of the 
same order of magnitude as their interaction energy with 
the light field. In that case the motion of the atoms along 
their propagation axis must be treated quantum mechan- 



ically. For one dimensional problems describing moving 
atoms in interaction with cavity light fields, it was shown 
that this regime gives rise to heaps of new phenomena [f| ■ 
We will focus on the situation where the wavepacket ex- 
tension in the direction along the stationary light field 
axis is much smaller than the light wavelength. We con- 
sider further that the atoms are sent at an extremum of 
the standing light wave so as to avoid the Stern-Gerlach 
effect. This allows us not to consider the longitudinal 
motion along the standing light wave and to focus on the 
significant diffraction effects of the atomic beam in the 
transverse plane that are to be observed owing to the 
slowness of the incident atoms. The theoretical devel- 
opments are made in the framework of cavity QED for 
which the atoms interact with the waist of a quantized 
field mode of a cavity. Throughout the paper we will be 
interested in symmetrical cavity mode functions (like the 
fundamental mode of a Fabry-Perot cavity) for which the 
powerful method of partial waves and phase shifts in two 
dimensions can be used. The cavity mode frequency is 
supposed to be equal to a transition of the incident atoms 
considered as two-level atoms. 

The paper is organized as follows. In Sec. [Til the 
Hamiltonian and wave functions of the system under 
consideration are presented using the formalism of the 
two-dimensional scattering theory. We further derive the 
state-dependent differential and total scattering lengths, 
that are in a two-dimensional geometry what the scat- 
tering cross-sections are in three dimensions. These scat- 
tering lengths are then analyzed in Sec. Illll in two differ- 
ent regimes defined as a function of the incident atomic 
kinetic energy compared with the atom-field interaction 
energy. We finally draw conclusions in Sec. [TV] 

II. MODEL 
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We consider a two-level atom moving along the x di- 
rection on the way to a cavity. The atom is coupled rcso- 
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FIG. 1. (Color online) Geometry of the investigated scattering 
problem. Incident atoms with wave vector k are sent towards 
the beam waist of an open cavity and are scattered in the 
transverse x — y plane. The x axis is defined along the incident 
beam direction and the z direction is along the cavity axis. 
In the plane of motion, r and 9 define the polar coordinates 
of the particles with the origin set at the cavity center. 



nantly to a single mode of the quantized cavity field. The 
atomic center-of-mass motion is restricted to the x — y 
plane (see Fig. [T]) . This motion is described quantum me- 
chanically and the usual rotating-wave approximation is 
made. In the interaction picture, the atom-field Hamil- 
tonian reads 



H 



2M 



+ %«(r)(a'a + acr^) 



(1) 



where M is the atomic mass, r and p are, respectively, 
the atomic center-of-mass position and momentum in the 
x — y plane, a is the projection operator |6)(a|, with |a) 
[|6)] the upper [lower] level of the atomic transition, a 
and are, respectively, the annihilation and creation 
operators of the cavity radiation field, g is the atom- 
field coupling strength, and v(r) is the cavity field mode 
function. Hereafter the global atom-field state is denoted 
by \tp(t)) and the cavity field eigenstates by |n). 

The incoming atom is described by a plane wave with 
wave vector k (monokinetic atom). It is supposed to be 
initially in the excited state |o) and the cavity field in 
the Fock state \n). The generalization to other initial 
states would proceed along the same lines. The initial 
atom-field wave function reads 

(r#(0)) = e ik *\a,n) = ^ (|+„) + |-„)) , (2) 

where we have used the usual dressed-state basis vectors 
1 



v/2 



(\a,n)±\b,n + l)). 



(3) 



In that case the wave function components 

^ ± "(r,t) = (r,±„|^(t)) (4) 



read initially ip ±n (r, 0) 
Schrodinger equation 



V 2 + F ± "(r) 

2M K ' 



e lkx /\/2 and obey the 
^(r,t), (5) 



with 



V ±n (r) = ±hgV^TTv(r). 



(6) 



Equation ([5]) expresses that the atom-field interaction 
reduces to a two-dimensional scattering problem where 
each tp ±n (r, t) wave function component is subjected to 
the potential V ±n (v). 

Setting 



\m) = e 



_ p -iE k t/h 



W) 



(7) 



with Ek — h 2 k 2 /2M, the time-independent Schrodinger 
equation reads in polar coordinates (r, 9) 



d 2 Id Id 2 2 2 



with tp ±n (r) = (r,± n \<p) and 



/t„ = K 2 \/n + 1, k = 



2M 



(8) 



(9) 



Here we will consider mode functions having a cylindri- 
cal symmetry, i.e., v(r, 6) = v(r). In that case the most 
general solution to Eq. (JS) that is symmetric with respect 
to the cc-direction of the incoming particles is given by 0] 



ip "(r, 



+ CJO 

E 

m=0 



R m n (r) cos(m0), 



(10) 



where R^{r) is the most general solution to the radial 
equation 



d 2 R± n 1 dR±- 



dr 2 



r dr 



k 2 T < v(r) - — ) Rf n " = 0. 



(11) 



By setting u^ 1 (r) = y/r R^ n (r) , Eq. (jTTj) turns into 



d 2 u 



dr 2 



+ * T «„ v(r) 



m 2 - 1/4 



0. 



(121 



For m > the term (m 2 — 1 /4) jr 2 is a centrifugal barrier 
that prevents a classical particle of energy H 2 k 2 /2M and 
angular momentum mh from coming closer to the origin 
than the critical distance r m given by 



kr rn = y/m 2 - 1/4. 



(13) 



It is useful to express the stationary wave function 
components (|10j) in a form having the asymptotic be- 
havior 



> e lkx + / ±n {6) 



. tkr 



(14) 



so as to identify the differential scattering lengths [8] 

X^(6)^\f ± -(e)\ 2 . (15) 
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For that purpose we divide the transverse plane into two 
regions separated by a circle of radius R in such a way 
that the mode function v(r) vanishes entirely for r > R. 
The region inside the circle is called the inside of the 
cavity (region I) and the other one the outside (region 
II). Outside the cavity, the solution (fT0|) can be written 



j +00 

E e m i m cos(m9)J m (kr) 



ip ±n {r, 



m=0 
+00 



-L^ £mJ B±n C0S (m9)H%(kr) 



(16) 



where 



2 (m > 0), e = 1, 



(17) 



J m is the Besscl function of the first kind of order m, H£> 
is the first Hankel function of order m @, and B^ n are 
coefficients determined from the continuity conditions of 
the wave functions and their derivatives at the interface 
between regions I and II (at r = R). Equation (fl6|) be- 
haves asymptotically as Eq. (TUT) : the first term on the 
right-hand side is just the incoming plane wave e lkx /v2 
expanded in polar coordinates in terms of Bessel func- 
tions, whereas the second term represents outgoing cylin- 
drical waves. 

Owing to the central symmetry of the cavity mode 
functions considered here, the total scattering lengths 



A 



may be written in the form 



X ±n (9)d9 



(18) 



A ± " = -^e m sin 2 ^, (19) 

m=0 

where the sine arguments S^ n represent half of the phase 
shifts induced by the scattering potentials V ™(r) in 
the presence of the centrifugal barrier between an ingo- 
ing and the corresponding outgoing scattered cylindrical 
waves 0. The B±» coefficients of Eq. {T6) read in terms 
of these phase shifts 



Bit" = 



i m / 

TV 



(20) 



For many purposes it is interesting to express every- 
thing in the |r,7„) = {|r, a, n), |r, b, n + 1)} representa- 
tion. The wave function components </? 7n (r) = (r,j n \tp) 
are simply given by [see Eq. ([3])] 



<p a > n (r,9) = — (<p+"(r,9) + i p--(r,9)) 



(r,0) = -=(<p+»(r,6)-<p-»(r,e)) 



J>,n+l 



V2 



(21) 



and read here, considering Eq. (|16[) , 

y* n (r,0) = e* krcose + E e m B^ n cos(md)H^>(kr), 

+ OO 

/<" +1 (r, 6) = J2 e m B h m n+1 cos(m0)fl£> (kr), (22) 
with 



m=0 



Sa.n 
J, = 



B+" + Bzr i 



a. n m 1 m 



l" b ( 



2iS± n , „2i<5 



e M °™ - 2 



B" 



R+™ _ R-n ,-r. 
i,n+l _ m _ *_ 



(23) 



The wave function components Lp ln (r) exhibit the 
asymptotic behaviors 



ikr 

r 



p a ' n (r, 8) > e ikrco S 6 + fa,n^ e 



^\r,9) >f b - n+1 (d) ( - r . 

T — )• oo X /T 



(24) 



with the scattering amplitudes 



P n (0) = E z m cos{m6)e- i( - m ^B%. (25) 



These asymptotic behaviors highlight the initial state \a) 
of the incoming atoms since the wave function component 
(p a,n (r,9) is the only one to possess an incident plane 
wave e tkx . 

We then define the differential scattering lengths 



\^(0) = \P"{6)\ 2 , 
as well as the total scattering lengths 

A 7 " = [ A 7 "(6>) d0, 



(26) 



(27) 



along with the dimensionless scattering lengths A 7 ™(#) 
and A 7 ™ : 

X7» W = ^g) j A 7 " = (28) 
w 2R 2R y ' 

Using Eqs. (f2"3"f and (f2"5"j) the total scattering lengths 
A 7 '* can be expressed in terms of the phase shifts <5^". 
We get 



**" - T, E ^\B, 



7^|2 
m I 3 



(29) 



m=0 



with 



A\B a m n \ 2 = S m 2 (S+"-S m ") 

+ 4 cos((S+" - S~ n ) sin <5+" sin S~ n , (30) 
4|^" +1 | 2 =sin 2 (<5+"-5 m ")- 
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The differential scattering length \ a < n (9) [A 6 '" +1 (0)] 
represents the proportionality relation between the in- 
coming flux of excited atoms and the outgoing flux of 
these atoms scattered around the angle 9 while remain- 
ing in their excited state \a) [while emitting a photon 
in the cavity and being de-excited in their lower state 
\b)]. In short we will call hereafter \ a > n (6) [X b ' n+1 (9)} the 
no-deexcitation [photon- emission] differential scattering 
length, and accordingly for the total scattering lengths 
X a ' n and X b ' n+1 . 



where the primes denote the derivatives of the functions 
with respect to their argument. 

The phase shifts S^™ immediately follow from the re- 
lation [see Eq. ([2P]>] 

tan St" = lB ™\ ■ (36) 



III. PHOTON-EMISSION AND 
NO-DEEXCITATION SCATTERING LENGTHS 



Transverse constant mode 

It is particularly instructive to consider the case of a 
transverse constant mode 



w C yi(r) 




(31) 



for which a fully analytical solution exists. Inside the 
cavity (r ^ i?), the wave function components (p ±n (r) 
are given by 



¥> + »(r,0) = e ™ A ™" cos{m6)l m {k+r), 



m=0 



(32) 



ip n (r,9)= e m A m n cos(m9)J m (k n r), 



where k^ — \J\k 2 =p k 2 | represent the modified wave 
number of the atoms inside the cavity in the presence of 
the constant interacting potentials ±fi, 2 K 2 /2M, A^ 1 are 
coefficients determined similarly to the B^ n coefficients 
from the continuity conditions of the wave functions at 
the interface between the inside and the outside of the 
cavity, and 

+ (33) 

with I m the modified Bessel function of the first kind of 
order m. 

The continuity conditions yield 



Ai." — 



-(2/tt)* 



m+l 



kl m (k+R)H£ (kR) - ki2' m (k+R)H^{kR) 



An" 
and 

A+n 



-(2/7T)i 



m+l. 



k J m {knR)H% {kR) - kn.J' m {KR)H^{kR) 



?7T 

T 

in 
~2 



(34) 



k+l m (kR)l' m (k+R) - kl m (k+R)l' m (kR) 

k n J m {kR) J m {k n R) k J m (k n R)J rn (kR) 

(35) 



In this section we investigate the photon-emission and 
no-deexcitation scattering lengths in the case of a trans- 
verse constant mode. We distinguish two regimes deter- 
mined by the incident kinetic energy of the atom com- 
pared with the interaction energy V +n : the high energy 
scattering or hot atom regime (k 3> n n ) and the low en- 
ergy scattering or cold atom regime (k <C K n ). In the 
cold atom regime, numerical results are also presented 
for a transverse gaussian mode. 



A. High energy scattering : hot atom regime 

In the hot atom regime, the phase shifts 5^ n and the 
coefficients get negligible when the extension r m of 
the centrifugal barrier exceeds the inside region radius 
R and prevents any ingoing cylindrical wave with wave 
number k from being scattered by the potentials V ±n (r). 
According to Eq. (|13[) , this happens for m > mg with 



me = ^(kR) 2 + 1/4. 



(37) 



This number yields the order of magnitude of the number 
of terms that is required in the sum (IT§1) for a good eval- 
uation of the scattering lengths. It reads approximately 
(k/ k)kR and is thus significantly greater than the dimen- 
sionless interaction length kR. 

Figure [5] shows two coefficients l-B^™! 2 (m = and 
m = 200) as a function of the interaction length kR. 
As expected from the paragraph herein before, the co- 
efficients |£?m"| 2 almost vanish for kR < nr m . For 
kR ^> Kr m , the coefficients l-B^ 1 ! 2 display oscillations 
with respect to the interaction length that are well cap- 
tured by the simple analytical expressions 



4|# 



6,n+l|2 



and 



4 IB; 



a.n 1 2 



4 sin 



K n R 
k / ti n 



2 h I ' K n 



(38) 



(39) 



Equation (|38|) is just like the Rabi formula for an atom 
of velocity v = Hk/M interacting resonantly with a sin- 
gle cavity mode during the time r = 2R/v. Similarly, 
Eq. (|39|) is just like the transition probability between 
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FIG. 2. (Color online) Plots of the \B^ n \ 2 (top) and \B^ n+1 \ 2 
(bottom) coefficients with respect to the interaction length kR 
for a transverse constant mode and the parameters k/n n = 10 
and n = 0. Solid lines correspond to m = and dashed lines 
to m — 200. The grey shaded area is the classically forbidden 
region for m = 200 and k/n n = 10. 



two states of a three-level atom coupled through a reso- 
nant two-photon transition during the time r [10J. This 
can be simply understood by noticing that the excited 
scattered atoms are those atoms who have emitted a pho- 
ton into and subsequently absorbed another photon from 
the cavity field. 

In the hot atom regime, the photon-emission differen- 
tial scattering length X b ' n+1 (6) is given to an excellent 
approximation by (see the Appendix J 



\b,n+l 



(0) 



(k/ K r , 



. , 2K n Rj(k/n rl ) i 9 2 + l 

1 - sm I ^TJ^ 



[(fc/ Kn ) 4 2 + l] 



3/2 



( 40 ) 

with 6 ranging from — 7r to n. Furthermore, when n n R ^> 
k/n ni the dimensionless photon-emission total scattering 
lengths A b,n+1 and X a ' n are very well approximated by 



A 



6,71+1 



2 y k/ K n 



and 



3 - 2tt J 



k J K n 



2 \ k/ 



(41) 



(42) 



Figure shows a typical polar plot of X b ' n+1 (9) in the 
hot atom regime. The atoms are only very slightly scat- 
tered from the incoming direction with a spread in an- 
gle AO scaling like {k/n n )~ 2 [see Eq. (|4T)|) ]. The same 




FIG. 3. (Color online) Polar plot of the differential scattering 
length \ b ' n+1 (6) for kR = 100, k/n n = 10 and n = 0. Full 
dots correspond to the approximated analytical formula (|40[) . 
Note the different scales on the x and y axes. 
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FIG. 4. (Color online) Total scattering lengths A a '" (top 
dashed line) and \ b ' n+1 (bottom solid line) with respect to 
the interaction length kR for k/K n = 10 and n = 0. Full 
[empty] dots correspond to the approximated analytical for- 
mula gl]) [igU)]. 



conclusions hold for any other cavity mode functions, in 
particular the fundamental gaussian mode of a Fabry- 
Perot cavity (see the Appendix J. Similar scattering ef- 
fects with hot atoms passing through a light grating were 
experimentally reported in Refs. j llM 13j | . 

We compare in Fig.rj]the total scattering lengths A a,n 
and \ b ' n+1 computed from the exact Eq. (|27|) with those 
computed from the approximated analytical formulas 
(T4"Tj) and (|4"2")) . As can be observed in the figure, already 
for n n R > 50 the agreement between the two values is 
excellent. 

We can gain some insight into Eq. (14"TT) (and similarly 
Eq. ((H])) by calculating the average emission probability 
of a flux of excited atoms passing through the light field 
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when considering their motion classically and ignoring 
any deflection of their motion during their interaction 
with the cavity. In that case, the interaction time tint 
depends merely on the impact parameter b = R sin 9 ac- 
cording to ti n t = (2Rcos0)/v with v the atomic velocity 
Hk/M. By integrating the Rabi emission probability over 
all trajectories, we get 



" /2 . a / i T 2Rcos6\ , , 

snr gVn+1 ) dd 

-tt/2 V v 



Jo 



( 2 Kn R 

\ k/ Kyi 



since 



i r /2 

Jq(z) = — cos (zcos(6>)) d9. 

71 J-n/2 



(43) 



(44) 



The resulting average emission probability [Eq. (1431) ] 
differs from Eq. (|4Tj) only by the value of the coefficient 
in front of the Bessel function. The difference between 
these two expressions is the evidence that interference 
and deflection effects must be taken into account to give 
the proper result. Remarkably, Eq. (|43|) coincide with the 
photon-emission probability obtained by Saif et al. fhH ] 
in their study of a micromaser operating on the atomic 
scattering from a resonant standing wave in the Raman- 
Nath regime. This can be understood by noticing that in 
that regime, the atomic wavepacket is much larger than 
the periodicity of the standing wave, hence the atom- 
field interaction must be averaged over a full period. The 
same formula also appears in the work of Vaglica [15} on 
Jaynes-Cummings model with atomic wavepackets. 



B. Low energy scattering : cold atom regime 

In the cold atom regime, the scattering lengths exhibit 
a completely different behavior. The number mi of terms 
that contribute significantly to the scattering lengths in 
the sum (fT8|) is extremely limited. We first show in Fig. [5] 
two coefficients \BJfi | 2 (to = and to = 1) as a function 
of the interaction length kR. In contrast to the high en- 
ergy regime, fine resonances are here observed and those 
coefficients can differ largely from zero in the classically 
forbidden region. This is a signature of tunnelling effects 
of the atoms through the centrifugal barrier. When K n R 
is much larger than «x TO , the |-B r b ,j" +1 | 2 resonances are 
very well approximated by the simple analytical formu- 
las 



MB 



b,n+l|2 



1 - COS (2 K n Ry/l + (k/n n ) 2 ) 



" l + (fc/ K „)~ 2 sin 2 ( Kn Ry/l + {k/K n ) 2 - §)' 

(45) 

for even to, and 



MB. 



f>,ra+l|2 



1 + COS (2 K n Ry/l + {k/K n ) 2 



1 + (k/K n )~ 2 cos 2 (n n R^\ + (k/n n ) 2 - f ) 

(46) 
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FIG. 5. (Color online) Plots of the |B^ n | 2 (top) and |B^' I+1 | 2 
(bottom) coefficients with respect to the interaction length kR 
for k/K„ = 0.1 and n — 0. Solid lines correspond to m = 
and dashed lines to m = 1. The grey shaded area is the 
classical forbidden region for m = 1. 
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FIG. 6. (Color online) Effective potential V^ n (r) (black solid 
curve) felt by the radial wave function component w^" (r) 
(green shaded curve) for m = 3, k/n n = 0.1, n = 0, and 
kR = 11.5287. For that cavity size, the atomic kinetic en- 
ergy matches a quasibound state energy of V^" n (r) (straight 
dashed line) and the stationary radial wave function is mainly 
located inside the potential well (tunnel effect), maximizing 
thereby the atom-field interaction and producing a resonance 
in the profile of Bf,; n+1 and the related scattering lengths. 



for odd to. In both cases the resonance width is de- 
termined by the finesse (k/K n )~ 2 which increases as the 
atoms get colder and colder. 

Very generally the position and width of the resonances 
can be easily computed by noting that they are intimately 
linked to the quasibound states of the effective potentials 
felt by the radial wave function components u~"(r), i.e., 
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the potentials 



V- n (r) = V-"(r) + 



1/4 



2M 



(47) 



The quasibound states are those states related to un- 
bound potentials containing a local minimum [like 
Vf^ n {r) for m > 0, see Fig. [6]. A particle initially con- 
fined in the potential well may remain there for an ex- 
tremely long time, before escaping by tunnel effect to 
the lower potential region. A very similar situation is 
encountered in one-dimensional scattering of atoms by 
cavity fields subjected additionally to the action of grav- 
ity 03. 

The quasibound states are easily found by looking for 
the solutions of the stationary Schrodinger equation that 
represent a pure outgoing wave for r — > oo [171 ]. In the 
case of the transverse constant mode (|5Tj) . these solutions 
are given by 



(r) 



A m J m (k n r), r R, 
B m H£(kr), r>R. 



(48) 



The continuity conditions of this wave function and its 
first derivative at r = R leads to a system of equations 
whose secular equation reads 

kJ m (k~R) H%\kR)-k~ J' m (k-R) H£(kR) = 0. (49) 

The complex solutions of Eq. (|49|) put in the form 

(50) 



kR -iT/2 



determine both the peak positions kR and widths T of 
the resonances of the B~ n coefficients, and thereby of the 
B%i n and B^ n+1 coefficients. 

Figure [7] shows the dimensionless photon-emission to- 
tal scattering length X b,n+1 as a function of the inter- 
action length kR. As A fc '™ +1 is the weighted sum of all 
l-E?m™ +1 | 2 coefficients [see Eq. (|29|) ]. all resonances of these 
coefficients add up and generate the ensemble of reso- 
nances that are observed in Fig. [JJ This allows us to 
label these resonances by the integers m of the B°> n+1 
coefficients they originate. The m = resonances are 
the only ones not to be linked to quasibound states since 
V^~"(r) is strictly attractive and does not contain any 
local minimum. They are the signature of a low energy 
scattering process upon a purely attractive potential and 
this explains why they are significantly broader. 

When the resonances do not overlap, the differential 
scattering length X' n+1 (6) identifies to the squared ab- 
solute value of a single term of Eq. (f^5|) and we have in 
excellent approximation 



~X b < n+1 (6) cx 



cos 2 (m#) 
kR ' 



(51) 



We display accordingly in Fig. [8] the scattering pat- 
terns X b ' n+1 (9) for four different interaction lengths cor- 
responding to four resonances of Fig. [7J In contrast to 
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FIG. 7. (Color online) Dimensionless photon-emission total 
scattering length \ b ' n+1 with respect to the interaction length 
nR for k/K„ =0.1 and n = 0. Each resonance is labelled by 
the integer m of the B^ n+1 coefficient it stems from. 



m = 






FIG. 8. (Color online) Dimensionless photon-emission dif- 
ferential scattering length X b ' n+1 (9) for k/K„ = 0.1, n = 
and four of the five first resonances observed in Fig. [7J : 
kR = 0.72890 (m = 0), nR = 2.35741 (m = 1), kR = 3.79243 
(to = 2), and kR = 5.09697 (to = 3). 



the high energy scattering regime, cold atoms can be 
backscattered with a high probability. Also by varying 
the interaction length kR, the scattering pattern can be 
tuned from a resonance pattern to another. 

Finally we consider the case of a gaussian mode of stan- 
dard deviation a [v gauss (r) = exp(— r 2 /2a 2 )]. We show 
in Fig. [5] a plot of the photon-emission total scattering 
length A h '" +1 /2cr with respect to the gaussian mode in- 
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Appendix 

In this Appendix, Eqs. pt))) - (p[2"j) are derived using a 
semiclassical approach. In the hot atom regime, the num- 
ber mi of Eq. (|37[) is large and the sum over m in Eq. (|25p 
can be replaced by an integral. The scattering amplitudes 
can then be approximated using the eikonal approxima- 
tion 18] by 



FIG. 9. (Color online) Dimensionless photon-emission total 
scattering length \ b ' n+1 /2a with respect to the interaction 
length kcj for a gaussian mode and for k/n n = 0.1 and n = 0. 



J cos(kb9) (e 2i5 °* - lj db, (A.l) 



where m = kb, b is the impact parameter, and the eikonal 
phase shifts are given by 



teraction length kg. The results are qualitatively the 
same as those obtained for the transverse constant mode. 
This is not surprising since the underlying physical mech- 
anisms are identical : the attractive part of the gaussian 
potentials formed by the light field in combination with 
the centrifugal barriers exhibits quasibound states giving 
rise to resonances in the scattering length. Compared 
with the transverse constant mode, the resonances are 
here broader and overlap more significantly. For well cho- 
sen interaction lengths, the differential scattering length 
displays similar patterns as those of Fig. [5J 



IV. CONCLUSIONS 

In this paper, we have presented the quantum theory 
of the cold atom scattering by cavity fields in a two- 
dimensional geometry in a distinct regime from the usual 
Raman-Nath, Bragg and Stern-Gerlach regimes. General 
expressions for the photon-emission and no-deexcitation 
scattering lengths have been derived. The connection 
with the classical Rabi limit in the hot atom regime has 
been provided and approximated analytical results have 
been given following a semiclassical approach. In the cold 
atom regime, we have highlighted the very peculiar prop- 
erties of the scattering process and their interpretation in 
terms of quasibound states of the atomic motion induced 
by the attractive potential of the cavity light field in com- 
bination with the centrifugal barriers. Realistic gaussian 
mode functions have been finally discussed. 
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±K^i>(r) r dr 



b 2 



(A.2) 



with v(r) the considered mode function. For a transverse 
constant mode, we have for R > b 



(A.3) 



It follows the photon-emission scattering amplitude 

/ct + 1 W = -V?/ +OC COS{kW) 8111 ^-^) db > 

" " (A.4) 
and, using the stationary phase method [191 ] to evaluate 
the integral, the photon-emission differential scattering 
length (in terms of dimensionless parameters) 



\b,n+l 



A 
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1 - sm I ^T/T n 
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A second use of the stationary phase method for in- 
tegrating the differential scattering length A over 
all angles yields for K n R 3> 1 



[b,n+l 



I 7T kj n n ( 2n n R 7T 
32 K n R C ° S V k/n n ~ 4 



(A.6) 



that simplifies further when n„R> kj 'n n into 
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Proceeding along the same line allows one to obtain 
the no-deexcitation total scattering length 



a a,n 
A oik 



1 



rC J K>n / ^ \ "7 j 



(A.8) 
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In the case of a gaussian mode of standard deviation 
a [v(r) — exp(— r 2 /2a 2 )], we have 



S cik 



(A.9) 



2k V 2 

and the photon-emission scattering amplitude reads 

V 7T 

^ + °° cos(fc^) sin ^^y| e - b2 /2.^ d6 . (A. 10) 

Writing the integrand of (|A.10I) as a sum of exponen- 
tials and calculating the stationary points b s of the vari- 
ous phases yields 



b s = ±ia v / W(-2k 4 2 /TTKj l ), (A.ll) 
where W is the Lambert W function [20J • It follows that 



the stationary points b s are real only if 

4 \ 

< 0. 

This condition translates into the angle 9 as 
9 <9 r .= 




(A.12) 



(A.13) 



From a physical point of view, this means that in the hot 
atom regime and for n n a 3> 1 the photon-emission dif- 
ferential scattering length X b,n+1 (9) drops rapidly down 
to zero with 6 when 9 > 9 C . It is interesting to notice 
that the critical angle 9 C only depends on the amplitude 
of the scattering potential (through the term n n ) and not 
on the extension of this potential. 
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